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Abstract

An accurate series solution has been obtained for a piece-homogeneous elastic plane containing a finite array of non-
overlapping elliptic inclusions of arbitrary size, aspect ratio, location and elastic properties. The method combines stan-
dard Muskhelishvili’s representation of general solution in terms of complex potentials with the superposition principle
and newly derived re-expansion formulae to obtain a complete solution of the many-inclusion problem. By exact sat-
isfaction of all the interface conditions, a primary boundary-value problem stated on a complicated heterogeneous
domain has been reduced to an ordinary well-posed set of linear algebraic equations. A properly chosen form of poten-
tials provides a remarkably simple form of solution and thus an efficient computational algorithm. The theory devel-
oped is rather general and can be applied to solve a variety of composite mechanics problems. The advanced models of
composite involving up to several hundred inclusions and providing an accurate account for the microstructure statis-
tics and fiber—fiber interactions can be considered in this way. The numerical examples are given showing high accuracy
and numerical efficiency of the method developed and disclosing the way and extent to which the selected structural
parameters influence the stress concentration at the matrix—inclusion interface.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

The method of complex potentials developed more than 50 years ago by Muskhelishvili (1953) is now
well recognized as a powerful and easy-to-use tool for solving a variety of two-dimensional (2D) linear
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elasticity problems including those stated on the multiply connected domains. This fact makes the method
attractive and potentially very useful in micromechanics of fibrous composites because it provides an effi-
cient tool for analyzing the advanced many-inclusion model problems with an accurate account for the
fiber—fiber interaction. In the theoretical study of composites reinforced by unidirectional circular fibers,
the method has been applied successfully by Horii and Nemat-Nasser (1985), Golovchan et al. (1993),
Buryachenko and Kushch (in press), among many others.

At the same time, to the best of the authors’ knowledge, the works where interaction of elliptic in cross-
section fibers were studied by the method of complex potentials are absent. Moreover, we could not find in
the literature a solution of even a single elliptic inclusion problem being a particular limiting case of well-
known Eshelby’s solution, written in terms of complex potentials. This fact, at first sight, is somewhat sur-
prising because the solution of a similar problem, namely, an elastic plane with several holes of general
shape, can be found in a regular textbook on the theory of analytical functions. The matter here is that
the conformal mapping technique working so perfectly for a plane with holes does not allow straight-
forward extension on the case of inhomogeneities.

To study interaction between the elliptic inclusions, both the numerical and analytical methods were
applied. Among the works based on numerical analysis, we mention Bystroem (2003) who combined the
cell model approach with the finite element method to evaluate effective stiffness of a composite of long
elliptic fibers. To study interaction of two elliptic inclusions, the method of singular integral equations
was utilized by Noda and Matsumo (1998). As to analytical solutions, here, probably, the most comprehen-
sive work was done by Meisner and Kouris (1995). To obtain a series solution for two identical, symmet-
rically placed elliptic inhomogeneities embedded in an infinite plane, they made use of the Papkovich-
Neihber representation of general solution in terms of real potentials. Derived by accurate matching of
the elastic fields in the matrix and inclusions an infinite set of equations appears, however, to be rather in-
volved and thus difficult to use; also, it is uncertain whether or not it possible to extend the solution ob-
tained in this way on more general geometry of problem.

It was mentioned already that using the complex potentials in 2D linear elasticity is advantageous and
much more fruitful in comparison with their real-valued counterparts. At the same time, the common
knowledge is that the method of potentials is efficient only where the potential functions were taken in
the proper form.! Several attempts had been made to apply the theory of complex potentials to solve
for interaction between the elliptic inclusions, but up to now, only partial solutions were found. So, the
point-to-point collocation scheme has been utilized by Kosmodamiansky (1972) to fulfill the matrix—
inclusion interface bonding conditions; Kaloerov and Goryanskaya (1995) have applied the least square
fitting to determine the unknown series expansion coefficients. Both the approaches, strictly speaking, can-
not be regarded as rigorous from a mathematical standpoint; not surprisingly, the corresponding numerical
algorithms appeared to be rather unstable (see, e.g., Lu and Kim, 1990).

In the present work, an accurate series solution has been developed for an elastic plane containing a
finite array of non-overlapping elliptic inhomogeneities. We impose no restrictions on their number, size,
aspect ratio, elastic properties and arrangement. The only condition adopted here for simplicity sake is that
all the inclusions are equally oriented; however, with minor modifications, this approach is able to study
arbitrarily oriented inclusions as well. In what follows, the basic notations are introduced first and a general
solution has been obtained for a single elliptic inclusion in an elastic plane subject to inhomogeneous exter-
nal stress field. Then, this solution has been combined with the superposition principle and re-expansion
formulae to derive a complete solution of the many-inclusion problem. In Section 4, application of the the-

' It is appropriate to mention here the work by Stevenson (1942) who suggested a special form of complex potentials in the single
elliptic hole problem and obtained the solution in a much more simple and elegant way as compared with the standard conformal
mapping technique.
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ory developed to the composite micromechanics problems is discussed. The results of the numerical study
are summarized in the last section and, finally, two appendices provide all the necessary background theory.

2. Single elliptic inclusion in an inhomogeneous external field

Consider an infinite isotropic elastic solid with a single, elliptic in cross-section, long fiber embedded. We
assume the external load to be applied in a way that the stress field does not vary in the fiber axis direction. In
this case, the problem can be stated as 2D (plane strain or plane stress formulation), which, in turn, enables
using the method of complex potentials. To describe geometry of the problem, we introduce first the Carte-
sian coordinate system Oxx, so that its origin coincides with the centroid of ellipse whereas the Ox; and Ox,
axes are directed along the major and minor axes of the ellipse. An aspect ratio of the ellipse is e = /1,
where /; and /, are the major and minor, respectively, semi-axes of the ellipse. Another derivative geometric
parameter to be used in subsequent analysis is the inter-foci distance 2d, where d = /7 — 3.

We also introduce two kinds of complex variables. The first one is a point of Cartesian complex plane
z = x; + ix,. The second variable ¢ = { + iy is defined as

z=w(&) =dcosh. (1)

Eq. (1) defines, in fact, an elliptic coordinate system with { and # as “radial” and “angular” coordinates,
respectively. So, the boundary of the ellipse is the coordinate line given by the equation

o o 11+12 _l 1+€
o () L (129), 8

i.e., the points at matrix—elliptic fiber interface are the functions of angular coordinate # only. This fact
makes the elliptic complex variable ¢ particularly useful in the problems formulated on domains with ellip-
tic boundaries/interfaces.

Following Muskhelishvili (1953), we express the displacement vector u = (u;, )" in terms of complex
potentials ¢ and y, namely

u = +in = n9(2) — (z — @' @) - V), (3)

where » = 3 — 4v for plane strain and « = ?—: for plane stress problem; v is Poisson’s ratio and Z means com-

plex conjugate of z. Noteworthy, the expression (3) is slightly different in form but equivalent to formulas
originally suggested by Muskhelishvili. In fact, (3) reduces to the standard form by replacing y/(z) with
Y(z) — zg'(z), the latter being an analytical function of variable z as well. However, as will be shown below,
representation (3) is advantageous for our purpose in several aspects. Corresponding to u (3) the Cartesian
components of stress tensor ¢ are given by

o1+ 0on =4G(¢/(2) +(P’—(Z)>, (4)

0 — o1 + 2io1, = 4G[(Z — 2)0"(2) — ¢'(2) + ¥/ (2)],

where G is a shear modulus, ¢ = Lg and & = 1 [Vu + (Vu)'].
The displacement u and traction T, =6 - n are assumed to be continuous through the elliptic matrix—
inclusion interface { = ({y:

H“]]g:(o =0, [lo- “]]g:go =0, (5)

where [[f]]s means a jump of f through the boundary S: so, [[u]]._, = (u” —u")._. and upper indices “0”
and “1” refer to matrix and inclusion, respectively. Also, G = Gy, v = vy in the matrix and G = G, v =v; in
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the inclusion. Satisfying the conditions (5) can be greatly simplified by re-writing displacement and traction

vectors in (5) in terms of their curvilinear (actually, normal and tangential to interface { = () components:
u=u;+iu, and T, =gy +idy,. (6)

They also can be expressed in terms of complex potentials (Muskhelishvili, 1953):

/(5
|o'(¢

g

~

x(z) = (2 =2)¢'(z) — ¥ ()], (7)

ug +iu, =

)

o(©
o' (<)

where, from (1), @'(¢) = dz/dé = d sinh €.

The key point is, of course, the proper choice of the form of potential functions ¢ and . A simple and
straightforward (but, definitely, not the best) way is to write them by analogy with Meisner and Kouris
(1995) for, say, matrix domain Vj as

P = ZAnuirZ lﬁ = ZBn07n7 (8)

where A, and B,, are the complex-valued coefficients, and v = exp . However, in this case the resolving set
of equations appears to be rather complicated and, moreover, the Eshelby-type problem known to possess
exact closed form solution is given by infinite series. We take , by analogy to the 3D case (Kushch, 1996),
in the following form:

sinh YRV

W = lﬁo - lph lpO = ;Bnuina ‘pl = Sinhé’fo (U_O - f) ;nAnuina (9)
where vy = exp({p). As is obvious, (9) is an analytical function of z; indeed, the functions ﬁ = % % can be
considered as an alternate set of basis functions in (8) obtained by differentiation of v” with respect to z. The
potentials ¢; and ; for solution in the inclusion ¥V are also given by (8) and (9), with replacing 4,, and B,, to
C, and D,, respectively; C, and D,, are also the complex-valued coefficients, which, as well as 4,, and B,,, are

found from the interface condition (5).
With ¢ in the form (8) and y in the form (9), the expression of u and T,, (7) at the interface { = {y is
simplified dramatically; for details of derivation, see Appendix A. So, by virtue of (A.5), from the first con-

oy —iog = 2G{<P’(Z) +9'(z) - [(E-2)e"(2) —¢'(2) + W(Z)}}7

dition (5) one finds [[u]],_. = [[x@ — ]],_;, = 0; in explicit form,
Z(%OAne—nlo—inn _ Ene—n§0+in;1) — Z(%lcne—nio—inn _ Ene—nio-%—inn)7 (10)

where %, = »(v;). Using the orthogonality property of Fourier harmonics exp(inn) reduces the functional
equality (10) to an infinite set of linear algebraic equations

nod,v," — B0y = %1 C0y" — D_,05. (11)
By applying the same procedure to the second condition in (5) and taking account of (A.13) re-written as
[ Tl —, = [[2G(¢" = ¥y)ll,—, = 0 we get another set of linear equations:

A0y + By = A(Cooy" + D_,0}), (12)
where 1 = G,/G,.

It is advisable, for computational purpose, to introduce new scaled variables Zn = A,v,", etc.; we obtain

KOZn - E*ﬂ = ¥ Cn - Bﬂn (13)
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A, —&—E,” = /1(6,1 +B,n), —00 < n < 00.

The form of Eq. (13) is remarkably simple, if not simplest (see, for comparison, Meisner and Kouris (1995))
which clearly indicates rational choice of the potential functions (9).

The solution we derived is rather general and in each specific case, the extra degrees of freedom can be
excluded by imposing certain additional constraints drawn from physical considerations. One of them is the
regularity condition of the displacement field inside the inclusion; i.e., it must be continuous and finite for
z € V] meaning that Laurent series expansions of corresponding complex potentials contain the terms with
non-negative powers of z only. It has been shown in Appendix A that the following relations between C,
and D,, with positive and negative index n,

C,=C.,, D,=D_,+2nsinh(2{,)C_,, n>0, (14)
provide regularity of u" and ¢ inside the inclusion.

As to solution in the matrix domain, it is natural to represent it as a sum of regular and singular parts,

u® ="+ 4. Here, u" is the incident, or far field, whereas u* describes disturbance field induced by the

inclusion; expectably, u° — 0 as |z| — oco. The corresponding potentials ¢ and y also can be divided onto
singular and regular parts

p=0"+¢, Y=y +y". (15)

The explicit form of ¢° and ° is given by Eqs. (8) and (9), respectively, where we keep the terms with neg-
ative powers of vonly to provide vanishing of disturbance field at infinity, so

A,=B,=0 forn<0. (16)

On the contrary, u" is assumed to be regular with the potentials
r —n C —n
(P = ;anv ) lp Z |: n 2nan héo (6 CO) ) (17)

where a, and b,, comply (14) as well. For example, let us consider a far field induced by the remote constant
strain tensor &, = { E£;;}. Representation of the corresponding linear displacement field

u = (Euxl +E12X2) + i(Elle +E22X2), (18)
takes the form (3) with the potentials (17), where
d Ey+Ex

d
b_l = a_lvaz + -

4(Ezz—E11 + 2iE ), (19)

a- = 4 m»
ay and b; are given by (14) and all other a, and b, for n # +1 are equal to zero. For the far stress tensor
6. = {S;;} instead of ., prescribed, we have quite similar expressions:

(Sll +S22) b_1 :a_lvgz—l— Szz —S11 +21S12) (20)

a_) =

i(
16G, 8Gy
The displacement u" and corresponding traction 77, at the interface { = {, take the form (A.5) and (A.13),
respectively. Applying the procedure analogous to that described above gives us an infinite linear system

%0A,0y" — B_,v) + %oa,0," — b_,vf = %1 C,0y" — D05, (21)

A0p" + B+ a," + b_yvp = A(Cuy" + D_,0}).

In the one-inclusion problem considered in this section, we assume u” (or, the same, a,, and b,)) to be known.
In this case, Eq. (21) together with (14) and (16) form a closed set of linear algebraic equations possessing a
unique solution. By substituting (14) and (16) into (21) we come to resolving system
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woA, — % C, + (D, — 2nsinh 2{,C,)v" = —woa, + b_,07",
B, + % Cud" — D, = %oa_,03" — by,
A, — AC, — A(D, — 2nsinh 2(06,,)03” = —a, — 5_,105"7

5 2 17 m T
B, — ACw" — D, = —a_,vy" — b,, n=12,...,

(22)

with the unknowns A4,,, B,, C, and D,, (n > 0) and with the coefficients a, and b,, entering the right-hand side
vector. For the Eshelby-type problem with the constant far strain &, or stress field 6, is prescribed, these
coefficients are given by (19) or (20), respectively. The corresponding resolving system (22) consists of four
equations for n = 1; for the explicit expressions of the coefficients 4, By, C| and Dy, see Section 4, Eq. (56).

The solution we derived is valid for any 0 < e < 1. To complete this section, we consider the limiting case
e — 0 where the ellipse degenerates into the cut |x;| < d in the complex plane (another limit, e — 1 when the
ellipse becomes a circle is rather trivial). By putting A =0 we get a straight crack, the stress field around
which is known to have singularity in the crack tips. In the linear fracture mechanics, the parameter called
stress intensity factor (SIF) and defined as

Ki + iKyy = lim V21(z — d) (02 + io1) (23)

is generally accepted to quantify the stress field near the tip of crack. No problems arise with taking this
limit in the above solution: for ¢ — 0 we have, from (2), {; — 0 and vy — 1. After some standard algebra
one obtains the formula

K1+ 1Ky = —2Gyy/ n/dZn(A,, +B,), (24)
n=1

valid for arbitrary, not necessarily uniform, external load.

3. Finite array of inclusions

Now, we proceed with a piece-homogeneous plane containing a finite number N of non-overlapping
elliptic inclusions V), with semi-axes /,,, />, and elastic moduli G, and v,, p=1,2, ..., N. The centroid of
the pth ellipse lies in the point Z, = X, + iX,,; for simplicity sake, we assume all ellipses to be equally ori-
ented. Also, we introduce local Cartesian coordinate systems O,x),x>, centered in Z,. The local coordinates
of different systems are related by

z, =Zp, +2z,, Where z, =xy,+1x, and Z,, =7, — Z,. (25)

Next, we define the local curvilinear coordinates &, = {, + in, by analogy with (1): z, = d,cosh¢,. In these
variables, the geometry of the pth inclusion can be alternatively defined by a pair of parameters (&, d,),

where d, = 1/(111,)2 — (lzp)z. At the matrix—inclusion interface ¢, = &, the perfect bonding
[, ., =0, lo-nl, _, =0, p=12...N (26)

Cp=
is assumed. The stress in and around the inclusions is induced by the far field #": we assume it in the form
(18).

To write the solution for a multiply connected matrix domain, owing to linearity of the problem, we
make use of the superposition principle:

40 — u'(z) + Z u;(z — Zp), (27)
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where u, is a disturbance induced by the pth inclusion and decaying at |z] = oo. The corresponding complex
potentials ¢} and ) are again taken in the form (8) and (9), where, by analogy with (16), 4,,, = B,,, = 0 for
n<O0.

Note that the separate terms of sum in (27) are written in variables of different coordinate systems.
Therefore, in order to satisfy the interface conditions (26) for, say ¢th inclusion in a way exposed in the
previous section, we need to find local expansion of (27), i.e., express all its terms in variables of a given
local coordinate system. Our aim is to transform

Uy, = %o @), (ZP) - (ZP - ZP) (/’;»/ (ZP) -, (Zp)’ (28)
where

QD; = ZAnpD;ny (29)

n=0
s s s o sinh CO : —n

W=, — U, = ; [Bn,, — ZnAnpﬁhé;7 sinh(&, — {o,) |0,
into u,,, written in the same form as u,, but in the gth coordinate basis, namely

Upg = 0P, (z) = (z = Zq)(/’;r»/q (z) = v, (z4), (30)
with

o, = Z AnpgVy " (31)

r r r i 1 —n
Vg = Vopg = Vipg = Z [bnpq — 2nayy, sinh ¢, sinh (&, — Co,) by -

n

For this purpose, we utilize the re-expansion formulas (referred sometimes as the addition theorems) for the
complex potentials, derived in Appendix B. So, by applying (B.1) to ¢; we obtain

P = ;A"PU? =D Ay, = (32)

from where we immediately get

Appg = ZAmpnfnqm (33)
m=1

where #2¢ are the re-expansion coefficients given by (B.9). With a,,,, taken in the form (33) the first terms in
(28) and (30) coincide, %@, = %¢,, .

Determination of b,,,, is somewhat more involved. From (32) we conclude also (p‘; (zp) = (p;'q (z,) and thus
the second term in (28) can be transformed as

(Zp - ZI’) @, = (Zp - Z)‘P;q + (Zq - Zq)q’;q~ (34)
To provide u,, = u;, , we determine b,,,, in (31) from
lﬁ; = lp;q + (qu - E) Qozq- (35)

To this end, all the terms in (35) should be expanded into a series of v,; below, we outline the derivation
procedure.
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The simplest thing is y; : likewise ¢° (32) and (33), we write
Op P

D DLNEED DI oL B &0
n=1 n m=1
Next, we re-group ¥/, as
1 | P D;(;H])
lplp Z ndnp ( DOp) ) (UOP - UOp) sinh ép : (37)
With the aid of (B.1) and (B.11), y}, can be expanded into

v, = Zn: {; mAy, [(1 — U(;;)']%a —% (l)op - z)opl)zufanW] }Uq”. (38)

where p#? are the re-expansion coefficients in (B.11). Similarly to (37), x//qpq can be re-arranged to

1 l) —(n+1)

n+
Wi = (1 - vgf) Znanpqv;” + (voq — noq) Znanpq — 71 , (39)
n ‘]

by applying the formula

n+l __ (n+l

v dk—n
U_Ul Zv (40)

and (33) we get

wqqu{ZAmpl(voq = 1) bl + (vog — qu) S (0 | 4200, Im]} - (41)

m=1 k=0

The last remaining term is (Z,q—qu)q);q

one obtains

p 2 ) e —n
Py = d_q Z {ZlAmp [;U n | +1+ 2k)nﬁ3n+l+2k] }Uq : (42)

Collecting, finally, all the expansions gives us the following b,,,, expression for n < 0:
q > m 1\ -2 —2 q 1)’
b St o) 1) (1) )
00 2 o0
XZ mZk n+ Z 2k+1 2k+1 —n (43)
=0

k=1 q

; by applying to it the procedure described above,

NgE

bnpq
1

m

for n> 0, in accordance with (14),

bupg = bnpg +n (U(z)q - U(;qz) Anpq- (44)

Now, we come back to (27) and write

Zu J) +1(z), (45)
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vxihere up(z4) = 3_,.,,(24) has the form (30), (31) with replace ¢, to @7 =>_ . @), ¥, oy, =5 ¥,
also,

ng = Z Anpg,  bug = Z Bupg- (46)
P4 p#q
No problems arise with the linear term in (27):
u'(z) = Uy +u'(zy), (47)
where U, = (X,E11 + X54E 1) +i(X1,E1 + X5,E) is the constant; u'(z,) adds to (46) a few extra terms

defined by (19) and thus, the problem has been reduced to that was considered in Section 2.
The resolving set of equations is

#0Ang — yCrg + (Day — 20800 280, C W02 = — R0y + b 02,
Byy + #,Cogil — ﬁm, = %0@_nqVps — g,
Ay — 24Cog — 2q(Dyq — 2nsinh 2,C, q) -b, qv()qa (48)
Bug — 2qCugt — 24Dng = —a_, 4030 — Enq,
n=12..., g=12,....N

where 1, = G,/Gy; C,, and D,,, are the expansion coefficients of solution in the gth inclusion. To get it in an
explicit form for direct solver one needs to substitute (31) and (43) into (46) and then into (48). Alterna-
tively, the simple iterative solving procedure can be applied here: given some initial guess of 4,,;, B,,;,Cyyg

and D, for 1 < g < N, we compute a,, and b,,, from (33), (43) and (46), then substitute into the right-hand
side of (48) and solve it for the next approximation of unknown coefficients, etc. As our computational
practice shows, this procedure works well for a whole range of input parameters excluding the case of
nearly touching inclusions where, to provide convergence of numerical algorithm, the initial approximation

has to be taken properly.

4. Application to the mechanics of composites

The general solution obtained in the previous section can be applied to study a variety of composite
mechanics problem with an accurate account for interactions between the inclusions. With this purpose
we will establish a link between the current complex potential approach and another general approach used
in micromechanics of composite materials and based on such fundamental notions as Green’s function and
the Eshelby tensor. Namely, the stress distribution in the medium with the matrix ¥ containing a finite
array of homogeneous inclusions V), with the characteristic functions H,(x) (p =1, ..., N), induced by re-
mote loading 6,,(X) = 6, = const. and the disturbances caused by the inclusions is defined from the general
integral equation

N
)=+ > [ Tlx=¥){M) - Mlo(y) + B)}H, (1) dy. (49)
=1
Here the constitutive equations
o(x) = L(x)e(x) +a(x), &(x) = M(x)a(x) + B(x) (50)
are assumed where M = (L)™' and L are the tensor of compliance and stiffness, p and & = —Lp are second-

order tensors of eigenstrains and eigenstresses, respectively, which are assumed to be vanished in the matrix
vo:a(Xx), B(X) =0 (x € V) and B(y) = p = const, a(y) = a = const (y € V). The integral operator kernel,
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I'(x —y) = —Lo[Ié(x — y) + Ux — y)Lol, Ujd(x) =[V,V; ga(X)]i5), called the Green stress tensor is
defined by the infinite-homogeneous-body Green’s function of the Navier equation with an elastic modulus
tensor Ly: V{Lo[VRG(x) + (V ® G(x))")/2} = —8(x), vanishing at infinity (|x| — oc), ()7 denotes matrix
transposition, and d(x) is the Dirac delta function; the subscript pair with parentheses denotes symmetri-
zation on (ij) and (k/).

The comprehensive review of methods used for solution of (49) can be found in the paper by Bury-
achenko and Pagano (2005). However, in micromechanics of random structure composites only the
semi-analytical approximative solutions of (49) based on both the Eshelby tensor S, (Eshelby, 1957) and
external Eshelby tensor T, (x — x,)

Sl/ = _<U(X - y))qL()? X,y € Vq>
T, (x —x,) = (U(x —y)),,

(), = (mesv,)” / ()dy, x¢7V,

q

(51)

are usually explored. The tensor T, (x, —x,) = (T, (y — X,)),, initially introduced by Willis and Acton
(1976) for the spherical identical inclusions (see also numerous references in Buryachenko, 2001), plays a
key role in deriving the second-order approximation of effective, or macroscopic, elastic moduli of compos-
ite. In the case of a stress analysis of composite materials, it is more convenient to use the following tensors
expressed in terms of ones introduced earlier (51):

Q, =1-LS,,
TZ(X -X,) = —LonI(x —x,)Lo, (52)
T, (x, —x,) = fLoT;q(xp —x,)Lo.

For representation of the tensors (52) in the terms of the approach developed in the previous sections, we,
at first, will present them in the forms of particular solutions of (49). Namely, for a single homogeneous
elliptical inclusion V, with the matrix elastic properties (L,(x) = Ly = const., f(x) = f = const. # 0,x € I,
and p(x)=0,x¢ V)

o(x)=Q,p forxeV,

(53)
o(x) =T (x —x,)p forx gV,

The estimation of the tensors Q,, T7(x — x,), and T; (x, — X,) is a particular problem of the transformation
field analysis by Dvorak and Benveniste (1992) which can be realized by the different methods, for example
by the proposed one. Indeed, let the inclusion be subjected to the eigenstrain f(x) = const. (x € V) with a
single non-zero component ff; =1 (k=1, 2, 3), otherwise 5,=0 (/I=1, 2, 3; [ # k). Here and below, we
adopt short, or vectorial, notation: so, ¢ = (011, 022, alz)T, B = (P11, B2, P12)", etc. Then, we obtain the ex-
plicit representation of the tensors Q,, T; and T;q in terms of the known stress fields a(x) both inside and
outside the inclusion V:

Qq\k/’(x) = O'j(X), X € an
T;U(j(x - Xq) = ¢/(X)7 X ¢ Vg, (54)
T;q|kj(xp —Xy) = <°'j(Y)>p7 yev,.

In the case of elliptic inclusion shape, the solution obtained in Section 3 can be readily used to evaluate
stress field in and around pre-stressed inclusion, and, hence, the tensors Q,, Tg(x —Xx,), and
T, (x, — X,). The only difference is the second condition in (26) which takes the form
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[[o - nHQ:Co,, =a-n or, equivalently, [[s- n]]iigoq =p-n. (55)

Since the material is homogeneous and B, is non-zero only in one inclusion, with p = ¢, its solution involves
only the first harmonics in (8) and (9) and leads to the resolving system quite similar in form to (22). After
simple algebra one obtains

2 -2
d, (qu — Vg, )

Ay = _le’
2 -2
P : SZ(L ;);)q) {(1 Wl — ’2”542} (56)
Cg 4 j_ 0 (11 +1200q),
g = 4(%1 1) { [véq + (= 1)002]11 +ul, + (ng _ U&,z)lzvng},
where
I, = L(ﬁn + By) and I, = Py — By — 2if- -

(x—1)

With 4,,, By, Ci, and D;, determined from (56) and (57), the stress in any point in and around the pre-
stressed inclusion can be evaluated. Substitution of (56) into (8) and (9) and then into (4) followed by com-
parison with (53) gives us an explicit expression of the tensors Q, and T; matching perfectly the analogous
results reported elsewhere (e.g., Mura, 1982).

To evaluate T, , we derive also the formula for an average stress in the inclusion (), assuming f(x) =0
(x € V,,). We rewrite (50) as

1
o =Lys [Vu@ + (Vu<P>)T] (58)

and substitute it in the representation for (e), and apply the Gauss theorem to reduce the integral in (51) to
that along the boundary S, of inclusion:

(a,),= %(mes vp)_le/ (nu®” + u®n)ds. (59)
SP
In (59) n is the outward unit vector normal to the boundary S,; in the case of the ellipse,
n=n; +in, = '(&,)/|w'(£,)|. Note also that {, = (o, at S, and, in fact, integration in (59) reduces to inte-
gration over 0 <, < 2m. It is rather straightforward to show that only the terms in u'” series expansion
containing the first Fourier harmonics in # give non-zero contribution to (59). After some algebra we come
to the following formulas:

16G
<011>p + (622>p = 7 OReC,l‘p,
? (60)
. 8G _
(022), — (on1), + 2i(012), = —dpo (D,L,, - C,l,,;uolf).

Noteworthy, this result is valid for an arbitrary, not necessarily uniform, stress field.
According to (54), integration in (60) is made over the area of the pth inclusion, p # ¢. Since L, = Ly
and B, £ 0, the stress in this inclusion is nothing more than a disturbance field caused by g in a vicinity

of z=Z,. Thus, we have C,, = a,,, and D,, = b,,,; then, from (60),
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16G
<O-11>p + <O'22>p = TReaflﬁqpa
r 8G (61)
(92), = (on), + 2i{012), = = (brgp = @107 ).
P

In turn, the coefficients a,,,, and b,,,, can be expressed in terms of unknowns 4,,, and B, using the formulas
(33) and (43). In our specific case,

a-1gp = A1y, borg = A1) + Bigniy- (62)

The last remaining step is substitution of (56) into (62) and then into (61), from where an explicit form of
T;q tensor can be easily recovered by comparison with (54).

5. Numerical study

The series solution derived above is an accurate, asymptotically exact one. This means that to get exact
values, one has to solve a whole infinite set of linear equations. In practice, we solve it by applying the
reduction method which means that we retain in (48) only a certain finite number n,,, of equations and
unknowns. Based on asymptotic analysis of the linear set (48), it can be proven rigorously (e.g., Kantoro-
vich and Krylov, 1964) that approximate solution obtained in this way converges to an exact one as
Nmax — 00. Thus, any desirable accuracy can be achieved by proper choice of ny.c. So, for the well-
separated inclusions (dilute composite case), even n,., =1 provides reasonably good approximation.
The smaller the distance between the inclusions (more precisely, closest distance between their boundaries),
the higher is order of Fourier harmonics which must be retained in the numerical solution to ensure appro-
priate accuracy of computations. It is hard to believe that there exists a general rule and, probably, the best
way is to find n,,,, from a series of numerical experiments for each specific problem. Some idea of conver-
gence rate as a function of distance Z;, can be drawn from Table 1, where the normalized stress a55(/; + 0i)/
S>> values are given. In the problem considered here, the centers of two identical elliptic holes (1; = 1, = 0)
with aspect ratios e; = e, = 0.3 in the plane with vy = 0.3 are placed on the Ox, axis (see Fig. 1) and the far
field is uniaxial tension in the x, direction. One-particle solution (Z;, =o0) gives an exact answer
on(li+0i) =(14+2/e)Sn = 7§S22; for a finite Z;,, the calculated ¢, values depend on 7,,,y.

As seen from the table, for Z|, = 5/; already n,.x = 5 provides four-digit accuracy of stress evaluation at
the point z = [; + 0i where the stress peak value (and, expectably, lowest convergence rate) is observed. At
the same time, for nearly touching holes (Z;, = 2.05/;) as many as 25 harmonics are required to get a prac-

Table 1

Convergence rate of 64,(/; + 0i)/S», as a function of Z,»/;

NMmax 212:511 Z|2:311 212: 2511 212:2.111 Z|2:240511
1 7.802 8.142 8.513 9.539 9.875
3 7.826 8.340 9.098 12.73 14.70
5 7.824 8.340 9.144 14.14 17.67
7 7.824 8.338 9.139 14.75 18.38
9 7.824 8.337 9.135 15.02 20.40
11 7.824 8.337 9.134 15.16 21.02
13 7.824 8.337 9.133 15.22 21.40
15 7.824 8.337 9.133 15.25 21.63
25 7.824 8.337 9.133 15.28 21.99

FEM 7.82 8.34 9.13 15.29 22.03
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sinz

Fig. 1. Stress o5, variation along the first hole surface due to uniaxial tension S>, =1 of a plane with two holes as a function of
distance Z, between them.

tically convergent solution: deviation from the accurate data obtained by the finite element method (last
line of Table 1) does not exceed 0.2%. Based on this observation, the value n,,,x = 25 is adopted for all sub-
sequent calculations.

The problem under study has a number of parameters and its exhaustive parametric study is the subject
of a separate paper. In what follows, we restrict ourselves to the two-inclusion problem and show the way
and extent to which stress concentration on elliptic inclusions is affected by their position, shape, elastic
properties and loading type. So, stress g, variation along the first hole boundary due to uniaxial tension
S», = 1 of a plane with two identical holes with aspect ratio e, = 0.3 as a function of relative distance Z;,//,
between them is shown in Fig. 1. The o5, stress reaches maximum at 5, =0, i.e. at the point nearest to the
next hole and considerable growth of max a5, is observed as the holes are drawn together. At the same time,
gy, on the opposite side of the hole (1, = nt) does not vary much from that for a single hole.

Curves in Fig. 2 demonstrate the effect on ¢;; variation along the interface of the particle—particle and
particle-hole interactions. Here, the far load is Sy; =1; curves 1-4 are calculated for A; = /4, =100,
vi =v, =v9=0.3 (two hard inclusions with e =0.3) whereas curves 5-8 are obtained for 1; =100,
A> =0 (hard inclusion and hole). The relative distance Z;,//; is equal to 3.0 (curves 1 and 5), 2.5 (curves
2 and 6), 2.2 (curves 3 and 7) and 2.1 (curves 4 and 7). It is seen from Fig. 2 that in the case of two hard
inclusions considerable growth of maxa;; is observed. On the contrary, the presence of an adjacent hole
expectedly results in oy, stress relaxation well below the value we have on a single inclusion.

In Fig. 3, o variation is shown for varying aspect ratios and fixed relative position of elliptic fibers,
Z1, = 2.11;. Calculations for 0.5 <e <1 do not detect a substantial effect on stress concentration of the
aspect ratio. However, for e of order 0.3 and less, the peak stress grows rapidly and in the limit e — 0, when
elliptic inhomogeneity degenerates into the plane crack of rigid line inclusion, it may become infinitely
large, see (23). It was already discussed that the method exposed provides an accurate solution for arbitrary
(including e = 0) aspect ratio, and no numerical difficulties arise due to this small parameter. A numerical
example showing inclusion—crack interaction will be given at the end of this section.

The effect on stress distribution of the relative position of the inclusions is clearly seen from Fig. 4, where
curve 1 corresponds to Z;, = 2.1/} (centers of holes lie on the Ox;), curve 2 shows o for intermediate
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Fig. 2. Stress ¢y, variation along the first inclusion surface due to uniaxial tension S;; = 1 of a plane with two inclusions as a function
of distance Z;, between them.
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Fig. 3. Stress g1, variation along the first inclusion surface due to uniaxial tension S;; = 1 of a plane with two elliptic inclusions as a

function of their aspect ratio e, Z;, = 2.1/, + 0i.

position Z;, =/} + 2bi and curve 3 is calculated for Z;, = 2.1Li (one ellipse above another); ¢; = ¢, =0.3
and Sy; = 1. In contrast to the first case where oy, in a vicinity of the point z; = /; + 0i is more than two
times higher than that on a single inclusion, in the case of the two elliptic inclusions arranged in the x, direc-
tion maxay; is well below that value. This so-called “‘shielding” effect is observed not only for the peak
stress but also for the averaged stress in the inclusion (see Fig. 6).
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c,,(n) /S,

sing

Fig. 4. Stress o1, variation along the first inclusion surface due to uniaxial tension S;; = 1 of a plane with two elliptic inclusions as a
function of relative position: line 1 — Z;, =2.1/; +10; line 2 — Z, = [} + 2bhi; line 3 — Z1, =0+ 2.141.

The above presented data are summarized in the next two tables, where an interface stress concentration
factor defined as K, = max,a;;(1)/Su, with ¢; calculated for the uniform far stress field S,,,, = 0,x0,, is
given. So, K;;/(co) represents stress concentration on a single inclusion being a function of its shape and
elastic properties. To evaluate the particle—particle interaction effect on the interface stress, we.introduce
the normalized stress concentration factor (NSCF) as KyAZ1,)/Ky(oo). The calculated NSCF
K>595(Z15)/ K>22(00) values for two elliptic holes are shown in Table 2 whereas Table 3 contains the values

Table 2
Normalized stress concentration factor K»»»»(Z;5)/Kx:2(c0) as a function of Z;»//; and e for two identical elliptic holes: A; = 4, = 0;
Vo = 0.3

Z»/L e=0.1 e=103 e=05 e=0.7 e=109
3.0 1.106 1.087 1.073 1.069 1.079
2.5 1.215 1.191 1.201 1.246 1.316
2.2 1.467 1.500 1.657 1.832 1.976
2.1 1.772 1.993 2.352 2.629 2.822
2.05 2.234 2.868 3.468 3.848 4.078
Table 3

Normalized stress concentration factor Kjj1(Z5)/K;111(00) as a function of Z»/I; and e for two identical hard elliptic inclusions:
;Ll = )Lz = 100, Vo=V =V = 0.3

VA e=0.1 e=03 e=0.5 e=0.7 e=09
3.0 1.132 1.193 1.258 1.319 1.380
2.5 1.280 1.432 1.572 1.689 1.777
2.2 1.652 2.069 2.366 2.528 2.606
2.1 2.115 2.951 3.348 3.467 3.474

2.05 2.969 4.324 4.695 4.680 4.570




5506 V.I. Kushch et al. | International Journal of Solids and Structures 42 (2005) 5491-5512

Q X5

*

1

Normalised stress intensity factor,

0 T T T T
0.5 1.0 1.5
Relative distance, Y,/ d,

Fig. 5. Normal opening mode SIF K;/+/nd,/S» of a crack nearby circular inclusion or hole as a function of relative position
Zip/ly =3+ Yo/li: line 1 — 2, =0; line 2 — A, = 23; solid points represent the data by Erdogan et al. (1974).
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Fig. 6. Average stress (o) in the inclusions due to uniaxial tension S;; =1 of a plane with a finite cluster of thin hard inclusions.

K 111(Z15)/ K 111(0) for two hard elliptic inclusions as a function of Z},//; and e. In both cases considered,
the tendency is quite similar: NSCF is growing up as inhomogeneities move toward each other. Also, for
Z 1, being fixed the maximum NSCF values are observed on circular holes and near-to-circular hard inclu-
sions although corresponding absolute stress values for e =0.1 are 3 to 4 times higher than those for
e=0.09.
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In the next example we consider, the inclusions differ in size, shape and properties. Specifically, we put
e; =0 and 4, =0 to degenerate the first inclusion into a crack; the second inclusion is taken circular
(e; = 1), with radius R, = 2d,. In Fig. 5, the dimensionless stress intensity factor K; = K;/v/nd, calculated
according to (24) for S, = 1 is shown as a function of relative distance, Y;»//;. Curves 1 and 2 correspond
to 4, = 0 and /4, = 23, respectively; vo = 0.35 and v, = 0.3. The solid points represent the data obtained by
Erdogan et al. (1974) who used the method of singular integral equations. Expectedly, SIF decreases as the
crack approaches hard inclusion and grows rapidly in a vicinity of the hole. Close correlation between our
results and Erdogan’s data can serve as yet another validation of the theory developed and numerical
results presented in the paper. A slight discrepancy between the compared results for Y1,//; = 0.3 means
that the value n,.x = 25 adopted by us for numerical study is not sufficient. Indeed, in the last case a
gap between the crack tip and boundary of the hole is about 0.02/; only. For such a geometry, the conver-
gence rate of series (24) is rather slow (see Table 1) and hence additional harmonics must be taken into ac-
count in the practical solution to ensure sufficient accuracy of numerical results. Retaining in solution the
harmonics up to n,,x = 40 (the dotted line in Fig. 5) gives K| = 4.26 which differs from the value reported
by Erdogan et al. (1974) by less than 0.1%.

To complete this section, we give one application of the theory developed to the specific problem of com-
posite mechanics studied by Sheng et al. (2004) where a polymer nanocomposite of clustered structure was
considered. There, an isolated cluster was idealized as a multi-layer stack containing N silicate plates with
uniform interlayer spacing. The experimentally observed plate thickness was roughly 1nm, the layer spacing
ranged from 2 to over 5 nm, and the number of plates per cluster varied from 1 to 50. In our model, the
silicate nanolayers are approximated by aligned ellipses with aspect ratio e = 0.01, Young’s modulus
E, =300 GPa and Poisson’s ratio v; = 0.4 embedded into Epox862 matrix with E;= 3.01 GPa and
vo = 0.41 (see Tandon et al., 2002; Sheng et al., 2004). The number of inclusions varied from 1 to 15,
and their position is given by Z, =0+ 4(p — 1)bi, p=1,2, ..., N. In Fig. 6, the averaged stress concentra-
tion factor (o1)/S1; calculated from (61) for each inclusion in the cluster is shown by the solid points. As
computations show, for a single inclusion (o1)/S1; = 34.6; for N = 15, it decreases more than two times
even for the outer ellipses where the average stress reaches maximum. Also, variation of (a1;)/S|; grows
up with the number of inclusions N increased and reaches 300% in the cluster of 15 inclusions while for
N =5 stress concentration factor is varying just on 40%. Such a behavior is qualitatively confirmed by
2D finite element analysis by Sheng et al. (2004) of three rectrangular inclusion in the matrix.

6. Conclusions

In the present work, an accurate analytical solution has been developed for a piece-homogeneous elastic
plane containing a finite array of elliptic inclusions of arbitrary size, aspect ratio, location and elastic prop-
erties. The method developed combines Muskhelishvili’s representation of general solution in terms of com-
plex potentials with the superposition principle and newly derived re-expansion formulae to obtain a
complete solution of the many-inclusion problem. By exact satisfaction of all the interface boundary con-
ditions, the primary boundary-value problem stated on a complicated multiply connected domain has been
reduced to an ordinary, well-posed set of linear algebraic equations. The properly chosen form of potentials
provides a remarkably simple form of solution and thus an efficient computational algorithm. The theory
developed is rather general and can be applied to solve a variety of composite mechanics problems. The
advanced models of composite which involve up to several hundred inclusions and thus provide an accurate
account for the microstructure statistics and fiber—fiber interactions can be considered in this way. The
numerical examples are given showing high accuracy and numerical efficiency of the method developed
and disclosing the way and extent to which the selected structural parameters influence the stress concen-
tration at the matrix—inclusion interface.
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Appendix A. Auxiliary theoretical results
A.1. Displacement and traction at the elliptic interface

Let us start with the displacement u given by (3). It contains derivative ¢’(z) = de/dz, which can be
rewritten as

do de (&)

'(z) = = ) Al
0O =38 &= (A1)
Taking also account of that on the ellipse { = (o
(z —z) = dsinh {,(e" — e ™), (A.2)
we get for the second term in (3)
_ d S]nh CO . _
—(z=2)¢'(z e —e ) nd,e ot (A.3)
w/(g) Z
On the other hand, the second term in (9) for { = {y is
d Slnh CO Z I’lAn _ e—m —ng”o—inn' (A4)
It is clear that these terms cancel each other in (3) and, thus, one obtains
ul_y, =%p == (4" — B, 7). (A.5)
Now we proceed with the traction vector 7, in the form (7). Taking account of (A.1) gives us
(o —ioy) ¢ ¢ o o' =z o
— =—= — - — . A.6
2G o t o o (@ =) (a)’)2 o' + ' (A-6)
Hereinafter, the argument & is omitted and differentiation is made with respect to £. Next, we re-group it to
(Ggg—iazn)_a—% 1 I T A /gl — 1" w
o == (W @) 4o - @ - 0) (0" - ). (A7)
It follows from (A.1)—(A.4) that for { = {,
(@ — o)
=79 (A.8)

being substituted into (A.7), it gives

(o —iow) _ 9" =¥ |
2G ' o'of

(0 + @) — (@ — w)¢" + | + o] (A9)
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Now, differentiation of i, (9) with respect to ¢ yields

W'y + oy = —dsinh (o nd, [(n— 1)e" — (n+ 1)e e 0. (A.10)
On the other hand, we combine (A.2) with

o' + @ =dsinh{y(e" +e) (A.11)
to prove that

(0 + )¢ — (@ — w)¢" =dsinh{y Y nd,e™ " [n(e" — ) — (" +e )] (A.12)

is equal to (A.10) with opposite sign. Thus, the whole expression in square brackets in (A.7) is equal to zero
and we obtain, by taking conjugate of (A.9),
T,

ol 5E =0 == (m)(Aw "~ By). (A13)
=t n

A.2. Regularity condition

To prove regularity of the displacement field under condition (14) imposed we show that the separate
terms in (3) are the polynomials of variables x; and x,. First, ¢ can be written as

¢(z) = C,(v" +v™") = 2C, cosh[n Arccosh(z/d)], (A.14)
we recognize that the hyperbolic cosine standing on the right-hand side of Eq. (A.14) is the nth degree
Chebyshev’s polynomial of complex variable z/d. It is quite clear that its derivative with respect to zg’'(z)

as well as the product (z —z)¢’ satisfies the regularity condition as well.
Next,

Vo=D,v "+ D_v"=D_,(v"+0v™") 4+ 2nC,sinh 2{,vo™"; (A.15)

here, the first term is, likewise (A.14), the polynomial of degree n whereas the second one has the singularity
points at z = +d. However, it is rather straightforward to show that the difference

sinh (o, ,_,
sz L

Wy — 2nC, sinh 2{yv™" = nC, — v gy — (0 — 7Y Jyg] (A.16)

is also a polynomial of z: it follows directly from the fact that

d ' —v"

Qo : _ A.17
dz (W o) =n dsinh ¢ ( )
Thus, a sum y = o+ y; and, hence, u (3) is regular provided the coefficients C,, and D,, with positive and
negative indices satisfy the conditions (14).

Appendix B. Re-expansion formulae for singular complex potentials

Our aim is to re-expand the singular complex potentials ¢}, = ZZ‘;IA,,I,U;", written in variables of pth lo-
cal curvilinear coordinate system, into a series ¢, = > a,,,v,", expressed in the variables of the gth coor-
dinate system. In what follows, we derive the formula

v, =Y " n=1.2,..., (B.1)
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where v, =exp{, =z,/d, £ \/(z/d,) =1, z,=z,+Z, ~and the expansion coefficients
04 = Ny (Zpgdp,dy) for p, g =1,2, ..., N. In the particular case d, = d, and X5, = X>,, Meisner and Kou-
ris (1995) expressed 7,,,, as an infinite integral of the modified Bessel functions of first kind product. Here,
we obtain an explicit expression of #?? by a series of rational functions for the arbitrary position and
parameters of coordinate systems.

The most straightforward way? is to combine the three following easy-to-derive expansions:

Y 00 n Ck ﬁ n+2k J B2

UP 7:():”"'2]‘ n+2k zzp ’ ‘ZF| > P ( . )
k=

2" =Y Cho (—1)Z 02 |z < |Z,), (B.3)
k=0

and
2z, ! En: k, 2k—n
(d—q> = Cn Uq . (B4)

The last formula is finite and has no geometric restrictions. Substituting (B.3) into (B.2) and then (B.4) into
the resulting expression gives, after a bit of algebra, the following expression of 1, in (B.1)

(n+m+20—1)!

e, = ndi(—=1)"> "My (d,, ) —— (B.5)
=0 (2qu)
where
/ (d /d )2k
Mt (dy,dy) = Bt : (B.6)
P ;k!(l—k)!(k+n)!(m+l—k)!
Noteworthy, in the case d, = d, this expression simplifies to (Kushch, 1996)
[+1
(n+m+1+1), (B.7)

™ W+ D(m+ 1)

where (7),, is Pohgammer’s symbol. The obtained expression (B.5) is simple and easy to compute. Note also
Hum = Nn,—m; 1t follows directly from the fact that v " is regular in a vicinity of Z,, and hence its expansion
must comply with the condition (14). However, its principal drawback is the geometric restrictions, narrow-
ing substantially its convergence area. Two of them, namely |z,| > d, and |z,| <|Z,,| came from (B.2) and
(B.3), respectively; |Z,,| > (d, + d,) is an additional condition providing series convergence in (B.5).

To fix this problem, we rewrite (B.5) in a somewhat different form. Namely, we transform it according to

the formula

<d,,q )” _ z“:(_l)kck p-(1+20) (B.8)

n+k—1"pq ’
27, pr

where d,, = d,+ d, and v, = Zp,/d,y + 1/ (Zpg/d,y)” — 1. After appropriate change of summation order,
we come to

2 This derivation is rather illustrative and does not pretend to be mathematically rigorous. A general and theoretically substantiated
scheme of derivation of the type (B.1) expansions was suggested by Ivanov (1968). His rather involved, based on the integral transform
technique approach is flawless from a mathematical standpoint. However, in our case the final result coincides with (B.9), obtained by
means of standard algebra.
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e, = (=1)" ( ) Zv (rm2) ;EJ_P; (j”)mm Mot (d,, d)(”+m(j+_ll+)!j_l)!. (B.9)

It can be proven that a series (B.1) converges within an ellipse centered in Z, with inter-foci distance d,,, and
passing the pole of pth elliptic coordinate system closest to Z,,.

As is easily seen, such a convergence area is quite sufficient to solve for any two non-overlapping ellipses.
For well-separated inclusions, both (B.5) and (B.9) give the same numerical value of #,,,,. Therefore, when
we solve numerically for many inclusions, the computational effort-saving strategy is to apply (B.9) to clos-
est neighbors whereas interaction of the rest, more distant inclusions is evaluated using more simple for-
mula (B.5).

Finally, we mention two useful consequences of the formula (B.1). The first of them can be obtained by
differentiating both parts of (B.l) with respect to z,. It gives us

—m

smh &, d Z Mom smh 5

(B.10)

being, in fact, an addition theorem for the alternate set of basic functions (see comments to the Eq. (9)).
Another differentiation of (B.1), this time with respect to Z,, results in

P4
Slnhf Zlunm q ? (Bll)

where 21 = n” T nbe . For w,, we also have two (general and simplified) expressions obtained by differen-

tiating (B.9) and (B.5), respectively.
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